Let X be a compact Hausdorff space, Y be a connected topological manifold, f : X → Y be a map between closed manifolds and a ∈ Y . The vanishing of the Nielsen root number N( f ; a) implies that f is homotopic to a root free map h, i.e., h ∼ f and h −1 (a) = ∅. In this paper, we prove an equivariant analog of this result for G-maps between G-spaces where G is a finite group.
root theory without imposing any restrictions on X G or on the equality between dim X H and dim Y H . Our approach here is to give an equivariant analog of the approach of Brooks [2] using lifts and is therefore different from the universal cover approach of [14] or [12] . This paper is organized as follows. In Section 2, we review the Hopf lift approach of Brooks and the classical Nielsen root theory. In Section 3, we define the equivariant Nielsen root number, introduce equivariant Hopf lifts, and prove an equivariant analog of a result of Brooks [2] . In Section 4, we give sufficient conditions for deforming a G-map to be root free.
Nielsen root theory
In this section, we review some basic facts about the classical Nielsen root theory. For details, we refer the reader to [2] .
Let f : X → Y be a map of topological spaces and let a ∈ Y . Two roots x 0 , x 1 ∈ f −1 (a) of f at a are Nielsen equivalent, denoted by x 0 ∼ x 1 , if there exists a path c : I → X from x 0 to x 1 such that the loop f • c is fixed endpoint homotopic to the constant pathā at a. The equivalence classes are called Nielsen root classes of f at a. If X is compact, then there are only a finite number of root classes and every root class is compact. Now suppose { f t : X → Y } is a homotopy of f . We say that a root x 0 of f at a is { f t }-related to a root x 1 of f 1 at a, denoted by x 0 { f t }x 1 , if there is a path c in X from x 0 to x 1 such that { f t • c(t)} ∼ā rel{0, 1}. Note that x 0 ∼ x 1 if and only if x 0 is { f t }-related to x 1 by the constant homotopy at f . If one root in a root class α of f is { f t }-related to a root in another root class α 1 of f 1 , then every root in α is { f t }-related to every root in α 1 . Consequently, the { f t }-relation from the roots of f to those of f 1 induces a one-to-one correspondence between the root classes of f and the root classes of f 1 . A root class α of f is essential if for any given homotopy { f t } of f , there exists a root x 1 of f 1 and a path c : I → X with c(0) ∈ α, c(1) = x 1 such that { f t • c(t)} ∼ā rel{0, 1}, i.e., α is related to some root of f 1 . In other words, a root class is inessential if it disappears under some homotopy of f . The number of essential root classes of f is called the Nielsen root number of f at a and it will be denoted by N( f ; a). When Y is a connected manifold, the Nielsen root number
There is another interpretation of Nielsen classes and { f t }-relation using covering spaces as follows. The map f induces 
Consequently, the Nielsen root classes are those non-empty sets of the formf −1 (ŷ) whereŷ ∈η −1 (a). Besides, for anŷ y ∈η −1 (a),f −1 (ŷ) is an essential root class if and only iff −1 1 (ŷ) = ∅ for any homotopy {f t } beginning atf .
, the number of these elements is called the Reidemeister number of f and it is denoted by R( f ; f (x)).
, where η is a Hopf covering for f . This is well-defined since the covering η is unique up to covering isomorphism. It follows from Theorem 2.1 that there is a one-to-one correspondence between the set of Nielsen root classes and a subset of the fiber
Now, consider a root class (or an isolated set of roots) α of f at a. The root index of α with respect to f is the
where N is a closed neighborhood of α containing no other roots of f at a, e * is an excision and H * denotes the graded singular integral homology group k=0 H k . The following result is due to H. Hopf [8] and to R. Brooks [2] . 
Equivariant Nielsen root number
Throughout this section, X and Y will be locally smooth G-spaces [1] where G is a compact Lie group. Let f :
We say that two roots x 0 and x 1 of f at a are G-Nielsen equivalent if (i) x 0 = gx 1 , for some g ∈ G or (ii) there exists a path c in X from x 0 to gx 1 , for some g ∈ G such that f • c ∼ā rel{0, 1}, whereā is the constant path at a.
It is easy to see that the G-Nielsen relation defined above is an equivalence relation, and it will be denoted by
It follows that if α is an ordinary root class of f (forgetting the G-equivariance) then there exists a unique G-root class R such that α ⊂ R. If X is compact, then the number of ordinary root class of f is finite and thus there are only a finite number of G-root classes. Therefore f −1 (a) is partitioned into G-root classes R 1 , . . . , R m each of which is a disjoint union of ordinary root classes. On the other hand, for each j, 1
Similar to the non-equivariant case, the { f t } G -relation above induces a one-to-one correspondence between the G-root classes of f = f 0 and f 1 . This fact is stated as follows and the proof is straightforward.
In other words, the relation 
3 ) denotes the integer-valued equivariant root index of the S 1 -root class S 3 with respect to f , which is defined in [14] for maps from compact connected Lie group to homogeneous spaces, and L(h) denotes the Lefschetz number of h. Since L(h) = 0 then the 
where e, e are inclusions which both induce homology isomorphisms. The inclusion i induces an isomorphism in di-
is a group isomorphism, so it is non-trivial. Thus the ordinary root class {n} is essential. Similarly {s} is essential. Hence N( f ; a) = 2. Now define the antipodal action of Z 2 on S 2 and the trivial action of Z 2 on RP 2 , so f is a Z 2 -map. Note that the fixed point set (RP 2 
reduces to the ordinary Nielsen root number N( f ; a).
Next we introduce G-lifts action which will be used to prove an equivariant version of Theorem 2.1. Let η :Ŷ → Y be a covering corresponding to the subgroup
where g can be regarded as a homeomorphism of Y (induced by the G-action on Y ). Now we have a short exact sequence
where i is the inclusion and p(ĝ) = g is the projection. 
The map ϕ defined above depends on f , η, andf .
We remark that pϕ(g) = g, for all g ∈ G so the sequence (3.1) splits. Hence ϕ is an injective map and
i.e., Γ G (Ŷ ) is the semi-direct product of D(η) and G. For all g ∈ G andŷ ∈Ŷ , we define a G-action onŶ by 
Proof. For all
g ∈ G, x ∈ X andŷ ∈Ŷ , we havef (gx) = ϕ(g)f (x) = g ·f (x) and η(g ·ŷ) = η(ϕ(g)ŷ) = gη(ŷ). 2
Theorem 3.8. If f : X → Y is G-homotopic to f , then they induce the same action on the Hopf covering spaceŶ of Y .
Proof. First of all, fix the G-action onŶ given by ϕ (induced by f , η andf ). Letf : X →Ŷ be a lifting of f through η :Ŷ → Y . Since η is a G-fibration, the liftingsf andf of f and f , respectively, are G-homotopic maps.
We should point out that f also induces a group homomorphism ϕ : G → Γ G (Ŷ ) such that for each g ∈ G, ϕ (g) is the unique element in Γ G (Ŷ ) with the propertyf g = ϕ (g)f as liftings of f g = g f through η. Define another G-action onŶ by g * ŷ := ϕ (g)ŷ, for all g ∈ G andŷ ∈Ŷ . Furthermore, by Lemma 3.7, f and η are G-maps with respect to this new action * onŶ .
From the discussion above, the map f is G-equivariant with respect to both G-actions · and * given by ϕ and ϕ , respectively, onŶ . 
Proof.
(1) (⇒) First, suppose x 0 ∼ G x 1 . We have two possibilities:
(ii) There exists a path c in X from x 0 to gx 1 , for some g ∈ G such that f c ∼ā rel{0, 1}. Thus, from Theorem 2.1,
In both cases,f (x 0 ) andf (x 1 ) belong to the same orbit.
. From, Theorem 2.1, the roots x 0 and gx 1 belong to the same root class of f , and then x 0 and gx 1 are in the same G-root class.
Then there exists a path c in X from x 0 to gx 1 , for some g ∈ G such that { f t • c(t)} ∼ā rel{0, 1}.
Thus x 0 { f t }gx 1 , and from Theorem 2.1 we
Recall that the map η induces a group homomorphismφ : G → Γ G (Ỹ ) such that for each g ∈ G, there is a unique lift  ϕ(g) of g, i. e.,ηφ(g) = gη such thatφ(g)ψ = ψϕ(g) as lifting of gη = ηϕ(g) throughη. Therefore,Ỹ becomes a G-space with the action g •ỹ :=φ(g)(ỹ), for allỹ ∈Ỹ , g ∈ G. Thus the maps ψ :
However, the map f : X → Y also induces a group homomorphismφ : G → Γ G (Ỹ ) such that for each g ∈ G, there is a unique liftφ(g) of g throughη, i.e.,ηφ(g) = gη such thatφ(g)f =f g as lifting of g f = f g. Therefore, we can define another G-action onỸ , which will be denoted by g * ỹ :=φ(g)(ỹ).
We must prove that the number of G-orbits on η −1 (a) with the G-action given by ϕ is the same as the number of G-orbits onη −1 (a) with the G-action given byφ. Note that both homomorphisms ϕ andφ are induced by f .
Since ψ :Ŷ →Ỹ is a homeomorphism andηψ = η, it means that for each y ∈ Y , ψ induces a bijection of η −1 (y) onto the fiberη −1 (y); hence the sets η −1 (y) andη −1 (y) have the same cardinality. Moreover, since ψ is equivariant, given an arbitraryŷ ∈ η −1 (y), there exists a one-to-one correspondence between the orbits
Therefore, the number of orbits on η −1 (a) with the action · given by ϕ, is the same that the number of orbits onη −1 (a) with the action • given byφ. Now notice thatφ(g)f =φ(g)ψf = ψϕ(g)f = ψf g =f g =φ(g)f . By the unique lifting property of covering spaces, we haveφ(g) =φ(g) :Ỹ →Ỹ , since both of them are liftings of the same map g : Y → Y , and they agree atf (x), for all x ∈ X . Therefore, the G-action • coincides with * and hence the G-Reidemeister root number R G ( f ; a) is well-defined. 2
We summarize our discussion above in the following 
Remember that for any g ∈ Z 2 , ϕ(g) is the unique lift of g such thatf g = ϕ(g)f as lifting of f g = g f , wheref denotes In Example 3.14, it is important to note that although we always have at least one point in Y G = ∅, the G-action on the covering spaceŶ given by lifts of the homeomorphism induced by the G-action on Y can be free.
A Wecken type theorem for G -maps
In this section, we first prove a Wecken type theorem when the G-action onŶ is free and when it is semi-free. Then we prove the general case. Throughout, the group G is assumed to be finite and that the G-actions on X , Y andŶ are locally smooth (see [1] for details). For any subgroup H in G, the Weyl group is WH := NH/H where NH is the normalizer of H in G. G(z 1 ), . . . , G(z l−1 ) , G(z l ) withĉ(1) = g · z l , for some g ∈ G and such thatĉ(I) ∩ g ·ĉ(I) = ∅, for all g = e where e is the identity element of G.
Let V c be a closed neighborhood of c homeomorphic to the closed n-ball so that p −1 (V c ) = {g · Vĉ | g ∈ G}, where Vĉ is the corresponding contractible closed neighborhood ofĉ. Thus, p −1 (V c ) consists of disjoint translates of Vĉ by G. Moreover, g · Vĉ is a closed neighborhood of gĉ, for each g ∈ G. Now, we use g ·â as the center of each ball g · Vĉ .
Consider r : Vĉ − {â} → ∂ Vĉ the radial projection. Then Vĉ − {â} is a strong deformation retract to its boundary ∂ Vĉ . For each g ∈ G, define r g : g · Vĉ − {g ·â} → ∂(g · Vĉ) by r g (ŵ) = g · (r(g −1 ·ŵ)). Observe that r e = r. Finally, define the G-retraction r :
byr(ŷ) = r g (ŷ) forŷ ∈ g · Vĉ . Then g∈G g · Vĉ − G(â) is a strong deformation G-retract to its boundary g∈G ∂(g · Vĉ).
Let ζ :Ŷ − G(â) →Ŷ be a G-map given by ζ(ŷ) =r(ŷ) ifŷ ∈ g∈G g · Vĉ − G(â) and ζ(ŷ) =ŷ otherwise. Since G(â) ∩ f (X) = ∅, we can composef with ζ such that ζf (X) ∩ η −1 (a) = ∅. Therefore the G-map ηζf has no roots at a and is G-homotopic to f , which in turn is G-homotopic to f . 2
Next, we study the case where the G-action onŶ is semi-free.
where H is a subgroup of G. SupposeŶcodimension at least 2 inŶ . More generally, if H is an isotropy subgroup thenŶ H is an WH-space. Conditions on the Weyl group WH can be made so that the singular set has at least codimension 2 inŶ H . (See also [5] .) Remark 4.3. In the sequel, we will further study the situation where G is a compact Lie group. We will also search for more computable (co)homological conditions that are sufficient to guarantee that N G ( f ; a) = 0 and that f is G-deformable to be root free.
